Abstract. A quasi-antichain is a lattice consisting of a maximum, a minimum, and the atoms of the lattice. The width of a quasi-antichain is the number of atoms. For a positive integer w 3, a quasi-antichain of width w is denoted by M w . In [B. Brewster, P. Hauck and E. Wilcox, Quasi-antichain Chermak-Delgado lattice of finite groups, Arch. Math. 103 (2014), no. 4, 301-311], it is proved that M w can be the Chermak-Delgado lattice of a finite group if and only if
Introduction
Chermak and Delgado [4] defined a family of functions from the set of subgroups of a finite group into the set of positive integers. They then used these functions to obtain a variety of results, including a proof that every finite group G has a characteristic abelian subgroup N such that jG W N j Ä jG W Aj 2 for any abelian A Ä G. [4] and revisited by Isaacs [5] .
Recall that the Chermak-Delgado lattice of a finite group is always a self-dual lattice. It is natural to ask a question: which types of self-dual lattices can be used as Chermak-Delgado lattices of finite groups? Some special cases of this question are proposed and solved. In [2] , it is proved that, for any integer n, a chain of 
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L. An length n can be a Chermak-Delgado lattice of a finite p-group. In [1] , general conclusions are given.
Theorem 1.1 ([1]).
If L is a Chermak-Delgado lattice of a finite p-group G such that both G=Z.G/ and G 0 are elementary abelian, then so are L C and L CC , where L C is a mixed 3-string with center component isomorphic to L and the remaining components being m-diamonds (a lattice with subgroups in the configuration of an m-dimensional cube), L CC is a mixed 3-string with center component isomorphic to L and the remaining components being lattice isomorphic to M pC1 (a quasi-antichain of width p C 1; see the following definition).
A quasi-antichain is a lattice consisting of a maximum, a minimum, and the atoms of the lattice. The width of a quasi-antichain is the number of atoms. For a positive integer w 3, a quasi-antichain of width w is denoted by M w . In [3] , it was proved that M w can be the Chermak-Delgado lattice of a finite group if and only if w D 1 C p a for some positive integer a and some prime p. Furthermore, the following result was proved therein.
Theorem 1.2 ([3]
). If a finite group G 2 CD.G/ has a quasi-antichain of width w 3, then (1) the group G is nilpotent of class 2, both G=Z.G/ and G 0 are elementary abelian p-groups for some prime p, and G=Z.G/ is a direct product of any pair of atoms modulo Z.G/;
(2) there exists a non-abelian Sylow p-subgroup P and an abelian Hall p 0 -subgroup Q such that G D P Q, P 2 CD.G/ and CD.P / Š CD.G/ as lattices;
(3) the number t of abelian atoms is of the form t D p b C 1 for some integer b (where t 2).
At the end of [3] , two questions are proposed definitely: This paper answers the above questions completely. It is amazing that there are only two possible relations: a D b or a D 2b. In the proof, we use the decomposition of a finitely generated torsion module over a principal ideal domain. Examples related to (Q1) and (Q2) are also given.
Groups whose Chermak-Delgado lattice is a quasi-antichain 531 2 Main theorem Main theorem. Suppose that G 2 CD.G/ Š M w , and there are, in total, t > 2 abelian atoms in CD.G/. Then there are positive integers a and b and some prime p such that w D p a C 1 and
then a j n.
Proof. By Theorem 1.2 (2), we may assume that G is a finite p-group. Let M 1 ; M 2 ; : : : ; M w be all the atoms of CD.G/, M 1 D hx 1 ; x 2 ; : : : ; x n iZ.G/ and M 2 D hy 1 ; y 2 ; : : : ; y n iZ.G/ such that M 1 =Z.G/ and M 2 =Z.G/ are elementary abelian groups of order p n for some positive integer n. Then, by Theorem 1. Moreover, there is an invertible matrix
.mod Z.G//; j D 1; 2; : : : ; n:
In this paper, the matrix C k is called the characteristic matrix of M k relative to .x 1 ; x 2 ; : : : ; x n / and .y 1 ; y 2 ; : : : ; y n /.
Without loss of generality, we may assume that M 1 , M 2 and M 3 are abelian atoms. For convenience, the operation of the group G=Z.G/ is written as addition. By OE..x 1 ; x 2 ; : : : ; x n / C .y 1 ; y 2 ; : : : ; y n /C k / T ;
. 
This implies that N 1 2 CD.G/, and, there is some k 3 such that N 1 D M k . Hence V n ¹O n º is the set of C k where 3 Ä k Ä w. Since C k is invertible, V is a division algebra. By Wedderburn's little theorem, V is also a finite field. Now we know that w 2 D p a 1. Notice that a Ä n (see [3, Theorem 6] ). Let A D .a ij / be a primitive element of V , and
Notice that M 2 =Z.G/ can be regarded as a n-dimensional vector space V 2 over F p , in which .y 1 Z.G/; y 2 Z.G/; : : : ; y n Z.G// is a basis for V 2 . We can make V 2 an F p OE -module by defining the action of any polynomial g. Suppose that 
where Z ij are a a matrices. Since
: : :
By (2.1) and (2.3), 
.4) and (2.5). Hence we may choose
Z ij such that Z .1/ ij ¤ 0. In this case, Z .1/ ij m A .B k / ¤ 0, a contradic- tion. Thus m A .B k / D 0 and m A .A k / D 0. Since A p ; A p 2 ; : : : ; A p a D A are all zero points of m A . /, there exists a 1 Ä e Ä a such that k D p e . By easy calcula- tion, .A m / T Z D ZA mp e . L. An Let W D ¹C 2 V j C T Z D ZC º. Then jW j D t 1Let b D .a; e/. Then t D p b C 1. By (2.1), .B p e / T Z ij D Z ij B p 2e By (2.2), .B p e / T Z ij D Z ij B Hence .p a 1/ j .p 2e 1/. Thus a j 2e. It follows that a j 2b. Hence a D e D b or a D 2e D 2b.
Examples
The main theorem gives the possible values of t . In this section, we will give examples in which t is exactly such values respectively. The key is to construct the commutator matrices Z D .z ij / n n .
Remark 3.1. Let F be a field containing p a elements, and let F be the multiply group of F . Then F is cyclic with order p a 1. Let F D hbi and BW f 7 ! bf be linear transformations over F , where F is regarded as a linear space over the field F p . Of course, the order of B is p a 1. Let p.x/ be the minimal polynomial of B. It follows from the Cayley-Hamilton theorem that deg. and hence jW j p a . So we get r D a. Let the minimal polynomial of B be
Then a matrix of B is 
Hence Z is symmetric. Proof. We construct G D hx 1 ; x 2 ; : : : ; x n ; y 1 ; y 2 ; : : : ; y n i with defining relationships:
(In the following, we use the addition operation to denote the multiplication operation.) 
It is easy to see that 
Groups whose Chermak-Delgado lattice is a quasi-antichain 537 Since C r ¤ .0; 0; : : : ; 0/,
By Remark 3.1, P a i D1 c .r 1/aCi B i 1 is invertible. Hence
is of rank a. It follows that
Thus H 1 C H 2 C C H v is of order p va . By the discussion above, H 1 C H 2 C C H r is of order p n , and hence jOEx; Gj D p n . It follows that
Assertion ( 
The discussion above also gives that CD.G/ is a quasi-antichain, in which every atom is of order p 
Taking i ¤ j in equation (3.1) and comparing the two sides, we get
Taking i D j in equation (3.1) and comparing the two sides, we get
Notice that Z ij and Z i i have no essential difference, and thus C i i D C jj and
Similar to the proof of the main theorem, V is a division algebra. Hence V has at most p a elements (otherwise, there exists a non-zero matrix in which the elements of the first row are all zero, a contradiction). Notice that B T Z 11 D Z 11 B. Hence B k 2 V , where 1 Ä k Ä p a 1. It follows that V D ¹O n ; B; B 2 ; : : : ; B p a 1 D I n º. Proof. We construct G D hx 1 ; x 2 ; : : : ; x n ; y 1 ; y 2 ; : : : ; y n i with defining relationships: 
It is easy to see that Similarly, jC X .y/j Ä p a jZ.G/j for all y 2 Y n Z.G/. It is easy to check that
Otherwise, by the dual-property of the CDlattice, there exists H 2 CD.G/ such that H < G and jH j > p .rC1/ 2 n : It follows that jH j Ä jC
Assertion (2): C D.G/ is a quasi-antichain. Otherwise, by the dual-property of the CD-lattice, there exists H 2 CD.G/ such that
By the same argument used within the proof of assertion (1), n D 3a, and there exists
n ; a contradiction. Assertion ( 
Taking i ¤ j in equation (3.2) and comparing the two sides, we get
Notice that Z ij , Z ik and Z ki have no essential difference for k ¤ i; j . Thus
Similar to the proof in the main theorem, V is a division algebra. Hence V has at most p a elements (otherwise, there exists a non-zero matrix in which the elements of the first row are all zero, a contradiction). Notice that In the following, we will give examples in which the number of abelian atoms is less than 3.
Theorem 3.5. Suppose that a and r are positive integers such that r 3. Let n D ar. Then there exists a group G such that jG=Z.G/j D p 2n , and CD.G/ is a quasi-antichain of width w D p a C 1, in which the number of abelian atoms is 1 or 2 for p D 2 or p ¤ 2 respectively.
Proof. We construct G D hx 1 ; x 2 ; : : : ; x n ; y 1 ; y 2 ; : : : ; y n i with defining relationships: 
It is easy to see that Theorem 3.6. Suppose that p is an odd prime, a is odd, and r is a positive integer such that r 3. Let n D ar. Then there exists a group G with jG=Z.G/j D p 2n , and CD.G/ is a quasi-antichain of width w D p a C 1, in which the number of abelian atoms is t D 0.
